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1. Introduction
Subdivision schemes are important and efficient tools for generating smooth curves and surfaces from discrete sets of
control points. The schemes generating curves are considered to be the basic tools for the design of schemes generating
surfaces.
Given a set of control points P0 = {p0i ∈ Rd : i ∈ Z} at level 0, a binary subdivision scheme generates, recursively, a new
set of control points Pk+1 = {pk+1i : i ∈ Z} at the (k+ 1)th level by a subdivision rule:
pk+1i =
∑
j∈Z
aki−2jp
k
j , i ∈ Z.
The set of coefficients ak = {aki : i ∈ Z} determines the subdivision rule at level k and is termed as the kth level mask. If the
masks {ak} are independent of k, namely if ak = a, k ∈ N, the subdivision scheme is called stationary. Otherwise it is called
non-stationary.
Several stationary subdivision schemes are available in the literature [1–5]. Sometimes, in computer graphics and
geometric modelling, it is necessary to have schemes to construct circular parts or parts of conics. It seems that (linear)
stationary schemes cannot generate circles, and non-stationary schemes have such a capability. Successful efforts have
been made to establish approximating and interpolating non-stationary schemes which can provide smooth curves and
reproduce a circle or some trigonometric curves [6–14,4,15]. For example, the non-stationary C1 interpolating schemes
introduced in [6,11] (see also [8]) and [14] are able to reproduce some trigonometric curves and circles, respectively. While
the C2 schemes of [12,15] can reproduce some trigonometric curves, they are not interpolatory.
There is an interpolating C2 non-stationary scheme in [16]. However, it cannot represent any kind of fundamental shapes
except cubic polynomials. Recently, families of interpolating C2 non-stationary schemes have been introduced in [13] which
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are capable of reproducing salient trigonometric and transcendental curves. These schemes are non-stationary counterparts
of the following Deslauriers–Dubuc scheme [1] (see also [5]):{
pk+12i = pki ,
pk+12i+1 =
3
256
(pki−2 + pki+3)−
25
256
(pki−1 + pki+2)+
75
128
(pki + pki+1).
(1.1)
In this paper, we consider a 6-point C2 interpolatory scheme which is a particular member of a family introduced in [13].
We present an alternative construction of the subdivision rules of the scheme and present some of its important properties.
We also highlight some advantages of the scheme and demonstrate its performance by some examples.
The paper is organized as follows. We present the 6-point non-stationary scheme in Section 2. The construction of this
scheme is similar to the construction of the 4-point non-stationary scheme of [11]. In fact, the basic ideas involved in this
paper are the same as those in [11]. Using the theory of asymptotic equivalence [7] and generating function formalism [8],
we prove that the scheme is C2 in Section 3. In Section 4, we compare the scheme with some known interpolating schemes
[6,16,1,3,11,14] and illustrate with a few examples that the scheme gives smooth curvature plots. We also highlight some
advantages and a disadvantage of the scheme in this section. In Section 5, we show that, if the initial data lie on a C2(R)
(respectively C3(R), C5(R)) function, then the limit function defined by the scheme approximates the original function with
an error of order O(h2) (respectively O(h3), O(h5)).
2. The non-stationary scheme
The 6-point interpolating non-stationary scheme is defined as follows. Given the control points {p0i ∈ R : i =
−4,−3, . . . , n+ 4} and α such that 0 < α < pi2 , the control points {pk+1i : i = −4,−3,−2,−1, 0, 1, 2, . . . , 2k+1n+ 4} at
level k+ 1 of the scheme are given by the following recursive relation:{
pk+12i = pki −2 ≤ i ≤ 2kn+ 2
pk+12i+1 = wk0(pki−2 + pki+3)− wk1(pki−1 + pki+2)+ wk2(pki + pki+1), −2 ≤ i ≤ 2kn+ 1 (2.1)
where
wk0 =
sin2 α
2k+2 sin
2 3α
2k+2
2 sin α
2k+1 sin
2α
2k+1 sin
3α
2k+1 sin
4α
2k+1
,
wk1 =
sin2 α
2k+2 sin
2 5α
2k+2
2 sin2 α
2k+1 sin
2α
2k+1 sin
4α
2k+1
(2.2)
and
wk2 =
sin2 3α
2k+2 sin
2 5α
2k+2
2 sin α
2k+1 sin
2 2α
2k+1 sin
3α
2k+1
.
The value of pk+12i+1 is obtained as follows. Suppose
K = {(2−k(i+ j), pki+j) : j = −2,−1, 0, 1, 2, 3}
and T4 := span{cos(αjx), sin(αjx) : j = 0, 1, 2, 3}. Let L(x) be the unique function in T4 which interpolatesK and has the
minimum amplitude among other interpolants from T4 [17]. Then pk+12i+1 = L(2−k(i+ 1/2)).
The weights of the masks of the scheme (2.1) converge to the weights of the mask of the scheme (1.1): wk0 → 3256 ,
wk1 → 25256 and wk2 → 75128 . The proofs of wk0 → 3256 and wk1 → 25256 follow from Lemma 3.4 and the proof of wk2 → 75128 is
similar to the proof of the convergence ofwk1.
Remark 2.1. (i) The refinement rules (2.1)–(2.2) can be obtained directly from the refinement rules (28)–(33)–(4) of [13]
by taking υ0 = cos(α). Therefore the scheme (2.1) is a particular member of a family of interpolating schemes introduced
in [13].
(ii) Since the scheme (2.1) is a particular case of the schemes of [13], it follows from [13] that the scheme (2.1) reproduces
the functions
span{1, x, cos(αx), sin(αx), cos(2αx), sin(2αx)}
and, in particular, circle, ellipse and cardioid. The reconstruction of circle, ellipse and cardioid by the scheme (2.1) is
illustrated in Fig. 1(a), Figs. 6 and 8(b) respectively.
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Fig. 1. Limit curves: (a) by the scheme (2.1), (b) by the scheme (1.1), (c) by the scheme of [16] with initial parameter β0 = 1.6, (d) by the scheme of [3]
with parameter µ = 111 .
3. Convergence of the scheme
It follows from [13] and Remark 2.1(i) that the scheme (2.1) is C2. In this section we prove this in an alternative way.
We denote the non-stationary scheme (respectively, stationary scheme) determined by themasks {ak} (respectively, the
mask a) by {Sak} (respectively, {Sa}). The symbol (or generating function) of themask ak is defined as the Laurent polynomial
ak(z) =∑i∈Z aki z i. In this way, a subdivision scheme {Sak} is identified with the set of its symbols {ak(z)}.
We need the following four lemmas to prove that the scheme (2.1) is C2. Let {Sd} (respectively, {Sdk}) denote the scheme
(1.1) (respectively, (2.1)). Since the scheme (1.1) is C2, the proof of the following lemma follows from Corollary 4.22 of [8].
Lemma 3.1. The symbol d(z) of the scheme {Sd} can be written as d(z) = ( 1+z2 )b(z) where
b(z) = 1
128
{3z−5 − 3z−4 − 22z−3 + 22z−2 + 128z−1 + 128+ 22z − 22z2 − 3z3 + 3z4}
and the subdivision scheme {Sb} corresponding to the symbol b(z) is C1.
Lemma 3.2. The symbol dk(z) of the kth level of {Sdk} can be written as dk(z) = ( 1+z2 )bk(z) where
bk(z) = 2
{
wk0z
−5 − wk0z−4 + (wk0 − wk1)z−3 − (wk0 − wk1)z−2 +
1
2
z−1 + 1
2
− (wk0 − wk1)z
+ (wk0 − wk1)z2 − wk0z3 + wk0z4
}
.
Proof. Using the fact thatwk0 − wk1 + wk2 = 12 , we can easily verify that dk(z) = ( 1+z2 )bk(z). 
We need some estimates ofwk0 andw
k
1 which are given in the following two lemmas.
Lemma 3.3. (i) 3256 ≤ wk0 ≤ 3256 1cos5 α
2k
(ii) 25256 cos
5α
2k+3 ≤ wk1 ≤ 25256 1cos5 α
2k
.
Proof. In order to prove the above inequalities, we make use of the following three inequalities:
sin a
sin b
≥ a
b
for 0 < a ≤ b < pi
2
,
θ csc θ < t csc t for 0 < θ < t <
pi
2
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and
cos x <
sin x
x
(
or csc x <
1
x cos x
)
for 0 < x <
pi
2
.
Note that
wk0 =
sin2 α
2k+2 sin
2 3α
2k+2
2 sin α
2k+1 sin
2α
2k+1
(
2 sin 3α
2k+2 cos
3α
2k+2
) (
2 sin 2α
2k+1 cos
2α
2k+1
)
= 1
8
(
sin α
2k+2
sin α
2k+1
)(
sin α
2k+2
sin 2α
2k+1
)(
sin 3α
2k+2
sin 2α
2k+1
)
1
cos 3α
2k+2 cos
2α
2k+1
≥ 1
8
α
2k+2
α
2k+1
α
2k+2
2α
2k+1
3α
2k+2
2α
2k+1
= 3
256
and
wk0 ≤
3α
2k+2
α2
22k+4
1
8 cos 3α
2k+2 cos
2α
2k+1
csc
α
2k+1
csc2
2α
2k+1
≤ 3α
3
23k+6
1
8 cos 3α
2k+2 cos
2α
2k+1
2 csc3
2α
2k+1
≤ 3α
3
23k+6
1
4 cos 3α
2k+2 cos
2α
2k+1
1
( 2α
2k+1 )
3 cos3 2α
2k+1
≤ 3
256
1
cos5 α
2k
.
This proves (i). The proof of the inequality (ii) is similar to the proof of (i). 
Lemma 3.4. (i) |wk0 − 3256 | ≤ C122k
(ii) |wk1 − 25256 | ≤ C222k
for some constants C1 and C2 independent of k.
Proof. By (i) of Lemma 3.3,∣∣∣∣wk0 − 3256
∣∣∣∣ ≤ 3256 (1− cos
6 α
2k
)
cos5 α
≤ 3
256
(1− cos2 α
2k
)(1+ cos2 α
2k
+ cos4 α
2k
)
cos5 α
≤ 9α
2
256 cos5 α
1
22k
.
This proves (i). Similarly, by (ii) of Lemma 3.3,∣∣∣∣wk1 − 25256
∣∣∣∣ = 25256
(
1− cos 5α
2k+3 cos
5 α
2k
cos5 α
2k
)
≤ 25
256
(1− cos6 α
2k
)
cos5 α
≤ 75α
2
256 cos5 α
1
22k
. 
Theorem 3.1. The non-stationary scheme (2.1) is C2.
Proof. In order to prove that the scheme (2.1) is C2, in view of Lemma 3.2, it is sufficient to show that the scheme
corresponding to {bk(z)} is C1 [8, page 42]. Since {Sb} is C1 by Lemma 3.1, in view of [7, Theorem 8(a)], it is sufficient to
show that
∑∞
k=0 2k‖Sbk − Sb‖∞ <∞where
‖Sbk − Sb‖∞ = max
{∑
j∈Z
|bk2j − b2j|,
∑
j∈Z
|bk2j+1 − b2j+1|
}
= 2
∣∣∣∣2wk0 − 3128
∣∣∣∣+ 4 ∣∣∣∣wk0 − wk1 + 11128
∣∣∣∣ .
Note that∣∣∣∣wk0 − wk1 + 11128
∣∣∣∣ ≤ ∣∣∣∣wk0 − 3256
∣∣∣∣+ ∣∣∣∣wk1 − 25256
∣∣∣∣ . (3.1)
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Fig. 2. Curvature plots corresponding to the limit curves obtained in Fig. 1.
Fig. 3. (a) Control polygon. (b) Limit curves of the scheme of [14] (full line), the scheme (2.1) (broken line) and the scheme of [11] (dotted line).
Fig. 4. Curvature plots of the limit curves obtained in Fig. 3(b): (a) corresponding to the scheme (2.1), (b) corresponding to the scheme of [14],
(c) corresponding to the scheme of [11].
Since
∑∞
k=0 2k|wk0 − 3256 | < ∞ and
∑∞
k=0 2k|wk1 − 25256 | < ∞ from (i) and (ii) of Lemma 3.4, it follows from (3.1) that∑∞
k=0 2k|wk0 − wk1 + 11128 | < ∞. Similarly from (i) of Lemma 3.4 we can also show that
∑∞
k=0 2k|2wk0 − 3128 | < ∞. Hence∑∞
k=0 2k‖Sbk − Sb‖∞ <∞. 
4. Comparison with some known Schemes
In this section we compare the scheme (2.1) with some known interpolatory C1 and C2 schemes, and illustrate that it
gives smooth curvature plots. The limit curves appearing in the figures of this section are drawn after 3 iterations.
We first compare the scheme (2.1) with the C2 schemes of [16,1,3]. In Fig. 1, we take equidistributed points on a circle as
control points and present the limit curves of the schemes (2.1), (1.1) and the 4-point schemes of [16,3]. The corresponding
curvature plots are presented in Fig. 2. The scheme (2.1) reproduces the original circle (Fig. 1(a)) and hence the curvature
plot is a straight line (Fig. 2(a)). The limit curves of the scheme (1.1) and the scheme of [16] (Fig. 1(b) and (c)) are very close
to the original circle. However, the curvature plots presented in Fig. 2(b) and (c) are not smooth and they consist of several
monotone pieces. According to [18, page 53] the curves depicted in Fig. 1(b)–(d) are not fair. We have used the ideas in [14]
for drawing the curvature plots.
We also compare the scheme (2.1) with the scheme of [3] in Figs. 6(b) and 7(c).
We now compare the scheme (2.1)with the known4-point C1 non-stationary schemes of [11,14]. In Fig. 3(b), we consider
the limit curves generated by the scheme (2.1) and the schemes of [11,14] from the control polygon given in Fig. 3(a). This
control polygon is similar to the one considered in [14]. The curvature plots of the curves obtained in Fig. 3(b) are presented
in Fig. 4. We observe from Fig. 3(b) that the limit curve of the scheme (2.1) is very close to that of the scheme of [14]. It
appears from Fig. 3(b) that the curve generated by the scheme of [11] has smaller curvature but its curvature plot (Fig. 4(c))
is not smooth compared to the curvature plots corresponding to the scheme (2.1) and the scheme of [14] (Fig. 4(a) and (b)).
We remark that the scheme introduced in [6] with a tension parameter υ0, is a generalization of the scheme in [11],
since, whenever υ0 = cos(s), it incorporates its refinement rules. Fig. 5 illustrates the fact that the scheme (2.1) and the
scheme of [11] (or [6]) do not reproduce circles if the control points are not equidistributed. This is a disadvantage of these
schemes.
S. Daniel, P. Shunmugaraj / Journal of Computational and Applied Mathematics 230 (2009) 164–172 169
Fig. 5. Limit curves: (a) by the scheme (2.1), (b) by the scheme of [14], (c) by the scheme of [11].
Fig. 6. Limit curves by the scheme (2.1) (full line) and the limit curves: (a) by the scheme of [14] (broken line), (b) by the scheme of [3] with µ = 111
(broken line).
Fig. 7. Curvature plots of the limit curves obtained in Fig. 6: (a) corresponding to the scheme (2.1), (b) corresponding to the scheme of [14],
(c) corresponding to the scheme of [3].
Fig. 8. Limit curves of the scheme (2.1) with α = pi3 (broken line) coincide with the actual parametric curves (full line): (a) x(t) = 12 (1+ 2 cos t + sin t +
cos(2t)), y(t) = 12 (2 sin t + cos t + sin(2t)) and (b) the cardioid: x(t) = 12 (1+ 2 cos t + cos(2t)), y(t) = 12 (2 sin t + sin(2t)).
Though the scheme of [14] has the capability of reproducing a circle even if the initial control points are not
equidistributed (Fig. 5(b)), it does not reproduce other conics. Fig. 6 illustrates that the scheme of [14] does not reproduce
an ellipse. Besides, the curvature plot of the curve generated by the scheme of [14] (Fig. 7(b)) is not smooth. In this case, the
scheme (2.1) gives a smooth curvature plot (Fig. 7(a)).
The scheme (2.1) reproduces functions spanned by 1, x, cos(αx), sin(αx), cos(2αx) and sin(2αx) as mentioned in
Remark 2.1(ii). This property is illustrated in Figs. 1(a), 6 and 8. From Table 1 it is clear that the scheme (2.1) does not
reproduce the functions cos(3αx) and sin(3αx). However, the values generated by the scheme (2.1) are closer to the original
values of the function compared to the values generated by the scheme of [11]. This observation is also illustrated in Fig. 9.
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Fig. 9. The parametric curve : x(t) = 3 cos t + cos(3t), y(t) = 3 sin t − sin(3t) (full line) and the limit curves (broken line): (a) by the scheme (2.1) with
α = pi6 , (b) by the scheme of [11] with α = pi6 .
Table 1
The values p11 and p
2
1 are evaluated by taking p
0
i = f (i), i = −2,−1, . . . , 2, 3 and α = pi6 .
Function
f (x)
Actual value of f at
x = 12
p11 of the 6-pt
scheme (2.1)
p11 of the 4-pt scheme
of [11]
Actual value of f at
x = 14
p21 of the 6-pt
scheme (2.1)
p21 of the 4-pt
scheme of [11]
cos(3αx) 0.7071067812 0.68618474761 0.63165249759 0.92338221675 0.92387953251 0.91686351407
sin(3αx) 0.7071067812 0.68618474761 0.63165249759 0.38268343236 0.38247743743 0.37977730237
5. Rate of approximation
In this sectionwe analyze the approximation properties of the interpolating scheme (2.1). To analyze, let h = 1n for a fixed
n ∈ N and I = [−4h, 1+ 4h]. Further, we consider a function g defined on I and the data p0i = g(ih),−4 ≤ i ≤ n+ 4. We
are interested in the order of h by which the limit function, obtained by the scheme (2.1) for the above data, approximates
the function g on [0, 1].
We need the following lemma to prove our main approximation theorem.
For a bounded function σ : [x, y] −→ R, ‖σ‖∞,[x,y] denotes the usual supremum norm of σ on the interval [x, y]. We
write c(x) = cos(αx), s(x) = sin(αx) and D = ddx .
Lemma 5.1. Let I be an interval and x0, x1 ∈ I such that 0 < x1 − x0 < pi2α for some α ∈ (0, pi2 ). Suppose g : I −→ R. If
g ∈ Ck(I), k = 2, 3 then there exists a functionQkg ∈ span{1, cos(α·), sin(α·)} and a constant Ck such that ‖Qkg−g‖∞,[x0,x1] ≤
Ck(x1 − x0)k. If g ∈ C5(I), then there exists a function
Q5g ∈ span{1, cos(α·), sin(α·), cos(2α·), sin(2α·)}
and a constant C5 such that ‖Q5g − g‖∞,[x0,x1] ≤ C5(x1 − x0)5.
Proof. We present the proof for the case k = 3 and k = 5. The proof for the case k = 2 follows by a similar argument.
Moreover the proof for the case k = 2 also follows from [19, Lemma 4.2].
For the case k = 3, consider the trigonometric Taylor expansion
g(x) = Q3g(x)+ R3g(x), x ∈ [x0, x1] (5.1)
where
Q3g(x) = g(x0)+ 1
α
s(x− x0)Dg(x0)+ 2
α2
(
s
(
x− x0
2
))2
D2g(x0)
R3g(x) = 2
α2
∫ x
x0
(
s
(
x− y
2
))2
Mg(y)dy
andM = (D2 + α2)D.
The Taylor formula (5.1) follows by integrating the remainder term R3g(x) by parts.
Note that Q3g ∈ span{1, cos(α·), sin(α·)} and
|R3g(x)| ≤ 2
α2
‖Mg‖∞,[x0,x1]
∫ x1
x0
s
(∣∣∣∣x1 − x02
∣∣∣∣)2 dy ≤ 12‖Mg‖∞,[x0,x1](x1 − x0)3.
This proves the lemma for the case k = 3.
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For the case k = 5, consider the trigonometric Taylor expansion
g(x) = Q5g(x)+ R5g(x), x ∈ [x0, x1] (5.2)
where
Q5g(x) = Q3g(x)+ 43α3
(
s
(
x− x0
2
))3
c
(
x− x0
2
)
(D3 + α2D)g(x0)+ 23α4
(
s
(
x− x0
2
))4
(D3 + α2D)Dg(x0)
R5g(x) = 23α4
∫ x
x0
(
s
(
x− y
2
))4
Ng(y)dy
and N = (D2 + 4α2)(D2 + α2)D.
Since(
s
(
x− x0
2
))3
c
(
x− x0
2
)
= 2s(x− x0)− s(2(x− x0))
8
and (
s
(
x− x0
2
))4
= 3− 4c(x− x0)+ c(2(x− x0))
8
,
Q5g ∈ span{1, cos(α·), sin(α·), cos(2α·), sin(2α·)}. As proved above, we can show that
|R5g(x)| ≤ C5(x1 − x0)5
where C5 = 124‖Ng‖∞,[x0,x1]. 
Thebasic limit function of a scheme is defined as the limit function of the scheme for thedata {p0i : p00 = 1, p0i = 0∀i 6= 0}.
We note that the basic limit function of the scheme (2.1) has support [−5, 5]which is the same as that of the scheme (1.1).
The following approximation theorem is analogous to [2, Theorem 5.1]. Using Lemma 5.1, we can prove it along the same
lines as in [2, Theorem 5.1].
Theorem 5.1. Let h = 1n , g : [−4h, 1+ 4h] −→ R and p0i = g(ih),−4 ≤ i ≤ n+ 4. Let f denote the limit function defined by
the interpolating scheme (2.1)with 0 < α < pi2 . If g ∈ C j([−4h, 1+ 4h]), j = 2, 3 then there exists a constant βj (independent
of h) such that ‖f − g‖∞,[0,1] ≤ βjhj. If 0 < α < pi4 and g ∈ C5([−4h, 1 + 4h]), then there exists a constant β5 such that
‖f − g‖∞,[0,1] ≤ β5h5.
The approximation result presented in [11, Theorem 11] involves only second order accuracy. Using the fact that the
scheme of [11] reproduces functions spanned by {1, cos(αx), sin(αx)} and Lemma 5.1, we can prove an approximation
result with third order accuracy for this scheme.
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